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a b s t r a c t
A graph G is (m, k)-colourable if its vertices can be coloured with m colours such that the
maximum degree of any subgraph induced on vertices receiving the same colour is at
most k. The k-defective chromatic number χk(G) is the least positive integer m for which
G is (m, k)-colourable. Let f (m, k) be the smallest order of a triangle-free graph such that
χk(G) = m. In this paper we study the problem of determining f (m, k). We show that
f (3, 2) = 13 and characterize the corresponding minimal graphs. We present a lower
bound for f (m, k) for allm ≥ 3 and also an upper bound for f (3, k).
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
All graphs considered in this paper are finite, undirected with no loops or multiple edges. For undefined concepts and
notation we refer the reader to Chartrand and Lesniak [6]. If U is a subset of the vertex set V (G) of a graph G then G[U]
denotes the subgraph induced on U . For a vertex u of G, dG(u) denotes the degree of u and NG(u) is the set of all neighbours
of u in G.
Let k be a non-negative integer. A subset U of V (G) is said to be k-independent if the maximum degree in G[U] is at most
k. Note that a 0-independent set is an independent set in the usual sense. A graph G is (m, k)-colourable if there exists an
assignment ofm colours, say 1, 2, . . . ,m, to the vertices of G, one colour to each vertex, such that the subgraph induced on
any set of vertices that are assigned the same colour is k-independent. This type of colouring is sometimes referred to as
k-defective colouring in the literature. Clearly any (m, k)-colouring of G produces subsets V1, V2, . . . , Vm of V (G) such that Vi
is k-independent for each i and
m
i=1 Vi = V (G). The sets Vi are referred to as the colour classes. The least integerm for which
G is (m, k)-colourable is called the k-defective chromatic number χk(G) of G. Note that χ0(G) is the usual chromatic number
of G. It is easy to see that χk(G) ≤
 p
k+1

, where p is the order of G.
The concepts of k-independence and k-defective colouring have been extensively studied in the literature, albeit under
different names (see [4,14,3,1,2,8–11,16,19,18,17,21,20]).
A graph is said to be triangle-free if it does not contain K3 as a subgraph. Given a positive integer m, it is possible to
construct a triangle-free graphwith k-defective chromatic numberm; see [10]. This raises the question: given a non-negative
integer k and a positive integerm, what is the smallest order of a triangle-free graph Gwith χk(G) = m? We define f (m, k)
to be the smallest order of a triangle-free graph G with χk(G) = m. Clearly f (2, k) = k + 2. The problem of determining
f (m, k) is unsolved even for k = 0 (see [22]). It is easy to see that f (3, 0) = 5. Chvátal [7] has shown that f (4, 0) = 11.
Jensen and Royle [15] have shown that f (5, 0) = 22. We refer the reader to Avis [5], Hanson and MacGillivray [13] and
Grinstead et al. [12] for related results. Simanihuruk et al. [20] proved that f (3, 1) = 9 and also completely determined the
class of triangle-free graphs of order 9 with χ1(G) = 3.
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In this paper we shall consider the problem of determining f (m, k) for some small values of m and k. In particular, we
show that f (3, 2) = 13 and characterize the correspondingminimal graphs. We present a lower bound of f (m, k) form ≥ 3
and in addition an upper bound for f (3, k).
In all the figures of this paper, a double (double dotted) line between sets X and Y means that every (no) vertex of X is
adjacent to every (any) vertex of Y . Similarly a line (dotted line) between two vertices x and ymeans that the edge xy is (is
not) in the graph.
2. Main results
We repeatedly use the following theorem by Hopkins and Staton [14].
Theorem 2.1. For a graph G with maximum degree∆, we have χk(G) ≤ 1+

∆
k+1

.
Using the above upper bound we first provide a lower bound for f (m, k).
Lemma 2.1. For integers k ≥ 0 and m ≥ 2, f (m, k) ≥ (k+ 1)

m
2

+m− 1.
Proof. Consider a triangle-free graph G of order f (m, k) such that χk(G) = m. Let u be a vertex of degree
∆(G), A = NG(u), B = V (G)− A−{u} and H = G[B]. Since G is triangle-free, A is independent. Also the order of H is at least
f (m−1, k), for otherwise,H is (m−2, k)-colourable which implies that G is (m−1, k)-colourable, a contradiction. Thus the
order of G satisfies f (m, k) ≥ ∆(G)+1+ f (m−1, k). Now using Theorem 2.1, it is easy to show that∆(G) ≥ (m−1)(k+1).
Thus
f (m, k) ≥ ∆(G)+ 1+ f (m− 1, k)
≥ (m− 1)(k+ 1)+ 1+ f (m− 1, k). (1)
It is easy to note that f (2, k) = k + 2 for any k ≥ 0. Thus the lemma is true for m = 2. Now we prove the lemma by
induction onm. Next make the induction hypothesis that the lemma is true for j, 2 ≤ j ≤ m− 1,m ≥ 3. Now to prove the
lemma for j = mwe have
f (m, k) ≥ (m− 1)(k+ 1)+ 1+ f (m− 1, k)
≥ (m− 1)(k+ 1)+ 1+ (k+ 1)

m− 1
2

+m− 2, using induction
= (k+ 1)
[
(m− 1)+

m− 1
2
]
+ 1+ (m− 2)
= (k+ 1)

m
2

+ (m− 1).
This completes the proof of the lemma. 
Remarks.
(i) One can prove f (m, 0) ≥

m+ 2
2

− 4 form ≥ 4, using Brooks’ theorem, for k = 0, (see [7]).
(ii) For k = 1, the lower bound in Lemma 2.1 reduces to f (m, 1) ≥ m2 − 1. Using the fact f (3, 1) = 9, it can be shown that
form ≥ 4, f (m, 1) ≥ m2 + 1 (see [20]).
Lemma 2.2. For all non-negative integers k, f (3, k) ≤ 4k+ 5.
Proof. We prove the lemma by constructing a triangle-free graph G of order 4k + 5 with χk(G) ≥ 3. Define G as follows:
V (G) = 5i=1 Ai where A1 = {z},G[Ai] = K k+1 for 2 ≤ i ≤ 5 and G[Ai ∪ Ai+1] = Kk+1,k+1 for 2 ≤ i ≤ 4. In addition we
assume that z is adjacent to all the vertices of A2 ∪ A5. The graph G is depicted in Fig. 1.
To prove the inequality, let us suppose that G is (2, k)-colourable. Consider a (2, k)-colouring of Gwith V1 and V2 as the
corresponding colour classes. Without any loss of generality we assume |V1| ≥ |V2|. Therefore |V1| ≥ 2k+ 3.
Let |V1 ∩ Ai| = αi and |V2 ∩ Ai| = βi for 2 ≤ i ≤ 5. Now if Ai ⊆ Vj for any i ∈ {2, 3, 4, 5} and j ∈ {1, 2}, then k-
independence implies either A2 ∪ A4 ⊆ V1 and A3 ∪ A5 ⊆ V2 or vice versa. Then z cannot be coloured, giving a contradiction.
Thus 1 ≤ αi, βi ≤ k for 2 ≤ i ≤ 5.
It is easy to see thatα2+α4, α3+α5, β2+β4 andβ3+β5 are all atmost k. But this implies that 4k+4 = |A2∪A3∪A4∪A5| =∑5
i=2 αi +
∑5
i=2 βi ≤ 4k, a contradiction.
This proves that χk(G) ≥ 3. Now from the definition of f (m, k) it follows that f (3, k) ≤ 4k+ 5. 
Throughout the following seven lemmas, Lemmas 2.3–2.9 and Theorem 2.2, we assume the notation and properties
listed below regarding the graph G. G is a triangle-free graph, u is a vertex of G with dG(u) = ∆(G), A = NG(u), B =
V (G)− A− {u},H = G[B]. Moreover, v is a vertex of H with dH(v) = ∆(H). Finally, we denote the set of neighbours of v in
A by A1, the set A− A1 by A2 and the set NH(v) by B1. Since G is triangle-free there are no edges between A1 and B1 in G.
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Fig. 1. G.
Lemma 2.3. Suppose that χk(G) ≥ 3. Then we have
∆(H) ≥ k+ 1; (2)
|B| ≥ k+ 2; (3)
If ∆(H) = |B| − 1 then
∆(G) ≥ 3k+ 2. (4)
Proof. Suppose that ∆(H) ≤ k. Clearly the k-independent sets A and B ∪ {u} form a partition of V (G). Hence χk(G) ≤ 2, a
contradiction. Hence∆(H) ≥ k+ 1 proving (2).
Combining the inequalities |B| ≥ ∆(H)+ 1 and∆(H) ≥ k+ 1 we have (3).
Assume that ∆(H) = |B| − 1. We will now show that |A1| ≥ 2k + 1. If possible, let |A1| ≤ 2k. Now define A11 to be a
subset of A1 such that both |A11| and |A1 − A11| are at most k. Clearly (A − A11) ∪ {v} and {u} ∪ A11 ∪ (B − {v}) are both
k-independent and form a partition of V (G). Hence χk(G) ≤ 2, a contradiction. Thus |A1| ≥ 2k+ 1. From (2), it follows that
v is also adjacent to at least k+ 1 vertices of B. Thus dG(v) ≥ 3k+ 2. Hence∆(G) ≥ 3k+ 2 proving (4). 
Using Lemmas 2.1–2.3 we will prove the following.
Theorem 2.2. The bounds 3k+ 7 ≤ f (3, k) ≤ 4k+ 5 hold for all integers k ≥ 2.
Proof. The upper bound follows from Lemma 2.2. We prove the lower bound by showing that any triangle-free graph G of
order 3k+ 6 has χk(G) ≤ 2 for k ≥ 2. Let G be a graph of order 3k+ 6 as described before Lemma 2.3 with χk(G) ≥ 3 and
k ≥ 2.
We shall now show that |B−B1−{v}| = 1. Now∆(G) = |V (G)|−1−|B|. Thus by (3) and the assumption |V (G)| = 3k+6,
we have
∆(G) ≤ 2k+ 3. (5)
Suppose∆(H) = |B|−1. By (4) and (5) it then follows that 2k+3 ≥ 3k+2, which implies k ≤ 1, contrary to assumption.
Therefore∆(H) ≤ |B| − 2. Using (2) we then have,
k+ 3 ≤ ∆(H)+ 2 ≤ |B|. (6)
Now Theorem 2.1, with the assumption χk(G) ≥ 3, gives
∆(G) ≥ (k+ 1)(χk(G)− 1) ≥ 2k+ 2.
With this and the assumption |V (G)| = 3k+ 6, (6) implies
k+ 3 ≤ |B| = |V (G)| − |A| − 1 ≤ 3k+ 6− (2k+ 2)− 1 = k+ 3, (7)
so that |B| = k+ 3. Now since |B1| = ∆(H), (2) and (6) yield |B− B1 − {v}| = 1 as claimed.
Let {z} = B− B1 − {v}. The structure of G is shown in Fig. 2.
Suppose that there is a y ∈ B1 such that zy ∉ E(G). Let X2 ⊆ A2 with |X2| = k. Now if |A2 − X2| ≤ k − 1, then
{u, v, z, y} ∪ (A2 − X2) and A1 ∪ X2 ∪ (B1 − {y}) form a partition of V (G) into k-independent sets, a contradiction. Hence
|A2 − X2| ≥ k which implies |A1| ≤ 2 ≤ k. In this case A ∪ {v} and {u, z} ∪ B1 form a partition of V (G) into k-independent
sets, a contradiction.
Thus it follows that z is adjacent to all the vertices of B1. Now let S1 be the set of all neighbours of z from the set A. Note
that there are no edges between A1∪ S1 and B1. If |A1∪ S1| ≥ 2k+1, then the sets A1∪ S1∪B1 and {u, z, v}∪ (A− (A1∪ S1))
form a partition of V (G) into k-independent sets, a contradiction. Thus we have |A1 ∪ S1| ≤ 2k. Now let Y1 ⊆ A1 ∪ S1 such
that |Y1| ≤ k and |(A1 ∪ S1)− Y1| ≤ k. The sets {u} ∪ Y1 ∪ B1 and (A− Y1) ∪ {z, v} are k-independent and partition V (G), a
contradiction.
Thus we arrive at a contradiction to the assumption that χk(G) ≥ 3. This proves the lower bound and hence the theorem
is proved. 
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Fig. 2. G.
Fig. 3. G.
Fig. 4. G.
The following corollary is immediate from Theorem 2.2.
Corollary 2.1. The smallest order of a triangle-free graph G with χ2(G) = 3 is 13.
Lemma 2.4. Let G be a triangle-free graph of order 13. If ∆(G) = 8 then χ2(G) ≤ 2.
Proof. Recall thatGhas the structure and the associated notation described before Lemma2.3. Note that |A| = 8 and |B| = 4.
If χ2(G) ≥ 3 then by Lemma 2.3, |B1| = 3, B1 = B − {v} and |A1| = 5. So |A2| = 3. Now partition B1 into sets B11 and
B12; A2 into sets A21 and A22 such that |A21| = 2 = |B11| and |A22| = 1 = |B12|. It is easy to see that A22 ∪ B12 ∪ {u, v} and
(A− A22) ∪ B11 are 2-independent and also form a partition of V (G), a contradiction. Hence χ2(G) ≤ 2. This completes the
proof of Lemma 2.4. 
Lemma 2.5. Let G be a triangle-free graph of order 13. If ∆(G) = 7 then χ2(G) ≤ 2.
Proof. We prove the lemma by contradiction. Suppose that χ2(G) ≥ 3.
Recalling that G has the notation and properties described earlier, we note that |A| = 7 and |B| = 5. By (2), |B1| =
∆(H) ≥ 3. Let {z} = B− B1 − {v}. Note that |A1| ≤ 4.
Case 1: |A1| = 4
Note |A2| = 3. The structure of G is shown in Fig. 3.
If there is a vertex x ∈ A2 such that x is adjacent to at most two vertices of B1 then the sets (A2 − {x}) ∪ {u, v, z} and
{x} ∪ A1 ∪ B1 are 2-independent, a contradiction. Thus it follows that every vertex of A2 is adjacent to every vertex of B1.
Now we partition A1 into sets A11 and A12 such that |A11| = |A12| = 2. The structure of G is given in Fig. 4.
Since every vertex of A2 is adjacent to every vertex of B1, it follows that either there are no edges between z and A2 or
there are no edges between z and B1.
First suppose that there are no edges between z and A2. In this case, the sets A2 ∪ A12 ∪ {v, z} and {u} ∪ A11 ∪ B1 are
2-independent, a contradiction. On the other hand, if there are no edges between z and B1, the sets A2 ∪ A12 ∪ {v} and
{u, z} ∪ A11 ∪ B1 form a partition of V (G) into 2-independent sets, a contradiction. This proves the lemma in Case 1.
Case 2: |A1| ≤ 2
In this case z is adjacent to all the vertices of B1, for otherwise the sets {v} ∪ A and {u, z} ∪ B1 form a partition of V (G)
into 2-independent sets, a contradiction.
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Fig. 5. G.
Fig. 6. G.
Fig. 7. G.
Similarly, z is adjacent to at least three vertices of A2. If not, the sets {v, z} ∪ A2 and {u} ∪ A1 ∪ B1 provide a partition of
V (G) into 2-independent sets, a contradiction.
Now let A21 be the set of neighbours of z from the set A2 and let A22 = A2 − A21. Since dG(z) ≤ 7 and z is adjacent to
every vertex of B1 it follows that 3 ≤ |A21| ≤ 4. Note that there are no edges between A1 ∪ A21 and B1. The structure of G is
shown in Fig. 5.
If |A22| ≤ 2 then the sets {u, v, z} ∪ A22 and A21 ∪ A1 ∪ B1 are 2-independent, a contradiction. Therefore it follows that
|A22| ≥ 3. Let x1 and x2 be vertices in A21. If |A21| = 3 then |A1| ≤ 1, and the sets {u, x1}∪A1∪B1 and (A21−{x1})∪A22∪{v, z}
are 2-independent, a contradiction. Therefore |A21| = 4 which implies |A1| = 0. Now the sets {u, x1, x2} ∪ B1 and
(A21 − {x1, x2}) ∪ A22 ∪ {v, z} are 2- independent, a contradiction. Hence the lemma is proved in Case 2.
Case 3: |A1| = 3
In this case we have |A2| = 4.
We partition A1 into A11 and A12 such that |A11| = 2 and |A12| = 1. Similarly we partition A2 into sets A21 and A22 such
that A21 is the set of neighbours of z in A2 and A22 = A2 − A21. The structure of G is shown in Fig. 6.
Note that {u} ∪ A11 ∪ B1 is 2-independent. Suppose that |A21| ≤ 2. In this case A2 ∪ A12 ∪ {v, z} is 2-independent, a
contradiction. Therefore |A21| ≥ 3. If there are two vertices, say x1 and x2 in A21 which are adjacent to at most two vertices
of B1 then {x1, x2} ∪ A1 ∪ B1 is 2-independent. Since (A2 − {x1, x2}) ∪ {v, z, u} is 2-independent it follows that χ2(G) ≤ 2, a
contradiction. Thus at least one vertex of A21, say x, is adjacent to all the vertices of B1. The structure of G is shown in Fig. 7.
This means that z is not adjacent to any vertex of B1. Hence {u, z} ∪ B1 ∪ A11 is 2-independent. Since {v} ∪ (A − A11) is
2-independent, it follows that χ2(G) ≤ 2, a contradiction. This completes the proof of the lemma. 
Lemma 2.6. Let G be a graph of order 13 with the notation and properties described prior to Lemma 2.3. Furthermore, let
∆(G) = 6. If 4 ≤ ∆(H) ≤ 5 then χ2(G) ≤ 2.
Proof. Note that |A| = |B| = 6. Recall that v ∈ V (H) is such that dH(v) = ∆(H). Since v is adjacent to at most two vertices
in A, A ∪ {v} is 2-independent.
If dH(v) = 5 then the sets A ∪ {v} and {u} ∪ NH(v) form a partition of V (G) into 2-independent sets, thus implying
χ2(G) ≤ 2. Next assume dH(v) = 4. Let w be the non-neighbour of v in H . If w has at most two neighbours in A then
A ∪ {v,w} and {u} ∪ B1 are 2-independent, while if w has at most two vertices in B1 then A ∪ {v} and {u, w} ∪ B1 are 2-
independent. Hence it follows that w has exactly three neighbours in both A and B1. Now let x ∈ A such that wx ∈ E(G).
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Since {u, x} ∪ B1 and {v,w} ∪ (A− x) are both 2-independent, we have χ2(G) ≤ 2. Thus in all the cases we have shown that
χ2(G) ≤ 2 and the lemma is proved. 
Lemma 2.7. Let G be a triangle-free graph of order 13 with the notation and properties described earlier. Suppose that ∆(G) =
6,∆(H) = 3 and {w1, w2} = B− NH(v)− {v}. If w1w2 ∈ E(G) then χ2(G) ≤ 2.
Proof. Note that |B1| = 3, |A1| ≤ 3 and each ofw1 andw2 is adjacent to at most two vertices in B1.
Case 1: The vertexw1 is adjacent to exactly two vertices, say b1 and b2, in B1.
Subcase 1a: There is a vertex x ∈ A1 such that xw1 ∈ E(G).
Note that x is not adjacent tow2, b1 or b2. Alsow1 is adjacent to at most two vertices in A−{x}. Clearly (A−{x})∪{v,w1}
and {u, x, w2} ∪ B1 are 2-independent sets, implying that χ2(G) ≤ 2.
Subcase 1b: There is a vertex x ∈ A2 such that xw1 ∈ E(G).
Since G is triangle-free, x is not adjacent to b1, b2 or w2. Also w1 has at most two neighbours in A− {x}. Now let y ∈ A1.
Clearly (A − {x, y}) ∪ {v,w1} and {u, x, y, w2} ∪ B1, are both 2-independent sets and partition V (G). If A1 = ∅ then
(A− {x}) ∪ {v,w1} and {u, x, w2} ∪ B1 provide the required partition. Hence χ2(G) ≤ 2.
Subcase 1c:w1 is not adjacent to any vertex in A.
Assume A1 ≠ ∅ and let x ∈ A1. Clearly the sets (A − {x}) ∪ {v,w1} and {x, u, w2} ∪ B1 provide a partition of V (G) into
2-independent sets, implying χ2(G) ≤ 2. If A1 = ∅ then A ∪ {v,w1} and {u, w2} ∪ B1 provide the required partition.
Case 2: The vertexw2 is adjacent to exactly two vertices in B1.
This case is similar to Case 1 and again we conclude χ2(G) ≤ 2.
Case 3: Each of the verticesw1 andw2 is adjacent to at most one vertex in B1.
If |A1| ≤ 2 then A∪ {v} and {u} ∪ (B−{v}) form a partition of V (G) into 2-independent sets. Thus we assume |A1| = 3. If
w1 has at most two neighbours in A, then the sets (A−{x})∪{v,w1} and {u, x, w2}∪B1 are 2-independent for every x ∈ A1.
Similarly ifw2 has at most two neighbours in A then χ2(G) ≤ 2.
Now assume both w1 and w2 have at least three neighbours in A and let A3 and A4 be the sets of neighbours of w1 and
w2 from A respectively. Clearly A3 ∩ A4 = ∅ and |A3| = |A4| = 3. Now let x ∈ A1. Without loss of generality let us assume
that xw1 ∈ E(G). Now the 2-independent sets (A− {x}) ∪ {v,w1} and {u, x, w2} ∪ B1 partition V (G). Hence χ2(G) ≤ 2.
This completes the proof of the lemma. 
Lemma 2.8. Let G be a graph satisfying the conditions of Lemma2.7. If v is adjacent to atmost two vertices in A andw1w2 ∉ E(G)
then χ2(G) ≤ 2.
Proof. Suppose that both w1 and w2 are adjacent to at most two vertices in B1. This implies that the sets A ∪ {v} and
{u, w1, w2} ∪ B1 are 2-independent and partition V (G). Hence we assume thatw1 orw2 is adjacent to all the vertices of B1.
Without loss of generality let w1 be adjacent to all the vertices of B1. Let A1 and S1 be the sets of neighbours of v and w1,
respectively in A and let A3 = A− A1 − S1.
Now suppose |A1 ∪ S1| ≤ 2. If w2 is not adjacent to all the vertices in B1, the sets A ∪ {v,w1} and {u, w2} ∪ B1 are
2-independent. Thus we may assume thatw2 is adjacent to all the vertices in B1.
If w2 is adjacent to at most two vertices of A3 then the sets {u} ∪ A1 ∪ S1 ∪ B1 and A3 ∪ {v,w1, w2} are 2-independent.
Thus we may assume that w2 is adjacent to exactly three vertices of A3 since dH(w2) = 3. Let x ∈ A3 be a neighbour of w2.
Now the sets {u, x} ∪ B1 and (A− {x}) ∪ {v,w1, w2} are 2-independent.
We may assume |A1 ∪ S1| ≥ 3. If |A1 ∪ S1| ≥ 4 then |A3| ≤ 2 and the sets A1 ∪ S1 ∪ B1 and A3 ∪ {u, v, w1, w2} are
2-independent. Hence we assume |A1 ∪ S1| = 3. If there is a vertex x in A3 such that x is adjacent to at most two vertices of
B1 then the sets {x} ∪ A1 ∪ S1 ∪ B1 and (A3 − {x}) ∪ {u, v, w1, w2} are 2-independent. Thus we assume that every vertex of
A3 is adjacent to every vertex of B1.
Since |A1| ≤ 2 and |A1∪S1| = 3, it follows thatA1∪S1−(A1∩S1) ≠ ∅. Let z ∈ A1∪S1−(A1∩S1). Ifw2 is adjacent to a vertex
in B1 thenw2 is not adjacent to any vertex of A3. Hence in this case the sets A3 ∪ {z, v, w1, w2} and {u} ∪ (A1 ∪ S1−{z})∪ B1
are 2-independent. Next ifw2 is not adjacent to any vertex of B1, the sets {u, w2} ∪ (A1 ∪ S1 − {z}) ∪ B1 and A3 ∪ {z, v, w1}
are 2-independent and they partition V (G). This completes the proof of the lemma. 
Lemma 2.9. Let G be a triangle-free graph of order 13 satisfying the conditions of Lemma 2.7. Furthermore, let |A1| = 3 and
w1w2 ∉ E(G). If χ2(G) = 3 then
(i) every vertex of A2 is adjacent to every vertex of B1 and
(ii) every vertex of A1 is adjacent to bothw1 andw2.
Proof. Let A2 = {x, y, z} and B1 = {v1, v2, v3}. Since G is triangle-free, there are no edges between A1 and B1. Let us assume
that χ2(G) = 3.
(i) Suppose that (i) is not true. Assume without loss of generality that xv1 ∉ E(G). Consider the partition of V (G) into sets
X = A1∪B1∪{x} and Y = {u, y, z, v, w1, w2}. Note that X is 2-independent. Hence Y is not 2-independent. This implies
that at least one of y and z is joined to bothw1 andw2 in G. Thus without loss of generality we have the following:
Fact a: yw1 ∈ E(G) and yw2 ∈ E(G).
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Fig. 8. Graphs G1,G2 and G3 .
Nowconsider the partition ofV (G) into setsX = A∪{v1} and Y = {u, v2, v3, v, w1, w2}. Note thatX is 2-independent.
Again Y is not 2-independent. Thus at least one of v2 and v3 is adjacent to both w1 and w2. Without loss of generality
we can assume that v2 is adjacent to bothw1 andw2. Hence we have the following:
Fact b: v2w1 ∈ E(G) and v2w2 ∈ E(G).
Since G is triangle-free using Facts (a) and (b) we have the following:
Fact c: yv2 ∉ E(G).
Now consider the partition of V (G) into sets X = (A−{z})∪B1 and Y = {u, v, z, w1, w2}. Clearly X is 2-independent.
It follows that Y is not 2-independent. Hence we have the following:
Fact d: zw1 ∈ E(G) and zw2 ∈ E(G).
Now considering the partition of V (G) into X = A ∪ {v1, v2} and Y = {u, v, v3, w1, w2}, since X is 2-independent,
we arrive at:
Fact e: v3w1 ∈ E(G) and v3w2 ∈ E(G).
Combining Facts (d) and (e) we conclude that zv3 ∉ E(G). Since every vertex of B1 is nonadjacent to at least one
vertex of A2 and there are no edges between A1 and B1 we conclude that A∪B1 is 2-independent. Clearly {u, v, w1, w2} =
V (G)− A∪ B1 is also 2-independent. This final contradiction means that every vertex of B1 is adjacent to all the vertices
of A2. Hence (i) is proved.
(ii) Suppose that (ii) is not true. Let A1 = {a, b, c}. Assume without loss of generality that aw1 ∉ E(G). Since every vertex of
A2 is adjacent to every vertex of B1 and G is triangle-free, each ofw1 andw2 is nonadjacent to either A2 or B1.
Suppose that w1 and w2 are both nonadjacent to all of A2. Considering the partition of V (G) into X = {u, b, c} ∪ B1
and Y = A2 ∪ {a, v, w1, w2}, we note that χ2(G) ≤ 2, a contradiction.
Next we assume that w1 and w2 are both nonadjacent to all the vertices of B1. Now let X = (A − {a}) ∪ {v} and
Y = {u, a, w1, w2}∪B1. Since the sets X and Y form a partition of V (G) into 2-independent sets, we have a contradiction.
Now suppose that w1 is not adjacent to any vertex of A2 and w2 is nonadjacent to B1. The 2-independent sets
X = A2 ∪ {a, v, w1} and Y = {u, b, c, w2} ∪ B1 demonstrate that χ2(G) ≤ 2, a contradiction.
Finallyw1 is nonadjacent to all ofB1 andw2 is nonadjacent to all ofA2. Then the 2-independent setsX = {u, a, b, w1}∪
B1 and Y = A2 ∪ {c, v, w2} show that χ2(G) ≤ 2, a contradiction. Thus, if aw1 ∉ E(G), we arrive at a contradiction in all
the cases. This implies that bothw1 andw2 are adjacent to all of A1. This establishes (ii) and completes the proof of the
lemma. 
Lemma 2.10. Let Gi, 1 ≤ i ≤ 3, be the triangle-free graphs of order 13 shown in Fig. 8. In these figures, Gi[Aj] ∼= K3 for 1 ≤ i ≤ 3
and 1 ≤ j ≤ 4. Then χ2(Gi) = 3, for 1 ≤ i ≤ 3.
Proof. The sets {u}, A2∪A4 and A1∪A3 are 0-independent and form a partition of V (Gi) for all i. This implies that χ2(Gi) ≤ 3
for all i, 1 ≤ i ≤ 3. We will now show that χ2(G1) ≥ 3. Since G1 is a subgraph of G2 and G3, this implies χ2(Gi) ≥ 3 for
i = 2, 3.
Suppose thatχ2(G1) ≤ 2 and consider a (2, 2)-colouring ofG1. LetV1 andV2 be the colour classes from the above colouring
of G1 such that |V1| ≥ |V2|. Note that |V1| ≥ 7.
Claim. u ∈ V2.
Suppose u ∈ V1. Let |V1 ∩ Ai| = αi for 1 ≤ i ≤ 4. Since V1 is a 2-independent set, it follows that α2 + α1 ≤ 2.
If α2 = 2 then α1 = 0 and α3 ≤ 1. In addition, since every vertex of A3 is adjacent to at least two vertices of A4, α3 = 1
implies α4 ≤ 1. Thus |V1| = 1+∑4i=1 αi ≤ 5, a contradiction. On the other hand if α3 = 0 then |V1| = 1+∑4i=1 αi ≤ 6, a
contradiction. Thus it follows that α2 ≤ 1. Similarly it can be shown that α1 ≤ 1.
Now assume α2 = 1. Since every vertex of A2 is adjacent to all the vertices of A3, we have α3 ≤ 1.
Since every vertex of A3 is adjacent to at least two vertices of A4, it follows that α3 + α4 ≤ 3. Thus |V1| = 1+∑4i=1 αi =
1+1+α3+α4+α1 ≤ 6, a contradiction. Thus it follows that α2 = 0. Similarly it can be shown that α1 = 0. Since |V1| ≥ 7,
we have V1 = {u} ∪ A3 ∪ A4. Clearly V1 is not 2-independent, a contradiction. Hence the claim is proved.
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Now let |V2∩Ai| = βi, for 1 ≤ i ≤ 4. Since V2 is 2-independent and u ∈ V2, it follows thatβ2+β1 ≤ 2. Henceα2+α1 ≥ 4.
This in turn implies (i) α2 = α1 = 2 or (ii) one of α2 and α1 is equal to 3.
Suppose α2 = α1 = 2. Hence β2 = β1 = 1. This in turn implies that β3 ≤ 1 and β4 ≤ 1. Thus |V2| ≤ 5 and hence
|V1| ≥ 8. Hence α3+α4 ≥ 4. This contradicts the fact that V1 is 2-independent. Thus it follows that one of α2 and α1 is equal
to 3. Without loss of generality let us assume that α2 = 3. Hence α3 = 0 and β3 = 3. Since |V1| ≥ 7, we have α4 + α1 ≥ 4.
However a 2-independent set can contain at most four vertices of A4 ∪ A1. Thus α4 + α1 = 4 and in addition it follows that
α4 = α1 = 2. Thus β4 = β1 = 1. Now since every vertex of A4 is adjacent to at least two vertices of A3 and all the vertices
of A1, it follows that V2 is not 2-independent, a contradiction.
This proves that χ2(G1) ≥ 3 and completes the proof of Lemma 2.10. 
Theorem 2.3. Let G be a triangle-free graph of order 13. Then χ2(G) = 3 if and only if G is isomorphic to one of the graphs G1,
G2,G3 of Fig. 8.
Proof. The if part follows from Lemma 2.10. Next we assume that G is a triangle-free graph of order 13 with χ2(G) = 3.
From Theorem 2.1 and Lemmas 2.3–2.5 it follows that ∆(G) = 6. Let u ∈ V (G) with dG(u) = 6, A = NG(u), B =
V (G)− A− {u},H = G[B] and v ∈ V (H)with dH(v) = ∆(H). From Lemmas 2.3 and 2.6 we have∆(H) = 3. Let B1 = NH(v)
and {w1, w2} = B − B1 − {v}. From Lemma 2.7, we have w1w2 ∉ E(G). Let A1 be the set of all neighbours of v in A and
A2 = A− A1. From Lemma 2.8, |A1| = 3. Note that there are neither edges between A1 and B1 nor between v and A2.
From Lemma 2.9, G[A2 ∪ B1] = K3,3 = G[A1 ∪ {v,w1, w2}].
Let A1 = {a, b, c}, A2 = {x, y, z} and B1 = {v1, v2, v3}.
Case 1: There is an edge between {w1, w2} and B1.
Without any loss of generality we assumew1 is adjacent to v1 of B1. This implies that there are no edges betweenw1 and
A2. Now, if there are no edges betweenw2 and B1 then the sets {u, b, c}∪ {w2}∪B1 and {a, v, w1}∪A2 are 2-independent, a
contradiction. Thus it follows that there is an edge betweenw2 and B1. This in turn implies that there are no edges between
w2 and A2.
Now suppose that w1 has exactly one neighbour in B1. This implies that the sets {u, a, w1} ∪ B1 and A2 ∪ {b, c, v, w2}
form a partition of V (G) into 2-independent sets, a contradiction. Hence w1 has at least two neighbours in B1. Similarly it
can be shown thatw2 has at least two neighbours in B1.
Suppose now thatw1 andw2 both have exactly two neighbours in B1. If their neighbour sets are the same, without loss of
generality letw1v3 ∉ E(G) andw2v3 ∉ E(G), then the sets {u, x, v3, v, w1, w2} and (A− {x}) ∪ {v1, v2} are 2-independent,
a contradiction. Thus we assume that the neighbour sets ofw1 andw2 are not the same. In this case G is isomorphic to G1 of
Lemma 2.10.
Suppose that one of {w1, w2} has exactly two neighbours in B1 and the other has three neighbours in B1. In this case G is
isomorphic to G2 of Lemma 2.10.
Finally if bothw1 andw2 are adjacent to all of B1 then G is isomorphic to G3 of Lemma 2.10.
Case 2: There are no edges between {w1, w2} and B1.
Ifw1 is adjacent to at most one vertex of A2 then the sets {v, a, w1} ∪ A2 and {u, b, c, w2} ∪ B1 are both 2-independent, a
contradiction. Hencew1 is adjacent to at least two vertices ofA2. Similarly it can be shown thatw2 has at least twoneighbours
in A2.
Suppose that both w1 and w2 have exactly two neighbours in A2 and NG(w1) = NG(w2). Assume that x is the non-
neighbour of bothw1 andw2. In this case the 2-independent sets {u, x, v3, v, w1, w2} and (A−{x})∪{v1, v2} form a partition
of V (G), a contradiction.
In other cases, by interchanging the roles of the vertices u and v, it can be shown that G is isomorphic to G1,G2 or G3 of
Lemma 2.10. This completes the proof of the theorem. 
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